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Elementary proofs are given for a result of J. Geronimo and K. M. Case
concerning the discrete spectrum of measures corresponding to orthogonal
polynomials defined by a recerrence relation.

Let p,(x)=y,x"+ -+, y,>0, n=0, 1,..., be a sequence of orthonor-
malized polynomials with respect to some positive measure da acting on the
real line and having infinite support. Then the polynomials p,(x) satisfy the
recurrence relation

Tnot b () + @y_y Paey(x) + ;

n n—1

xpn—l(x)= pn—Z(x) (1)

for n=1,2,.., where p_,{(x)=0 and p,{x)=7y,. The corresponding monic
polynomials P,(x) =y, p,(x) can be defined by

XP,_ (X)) = Py(x) + a,_  Py_1(X) + 4, P, _5(x), (2)

n=1,2,.,P_(x)=0, Py(x)=1and ,=7y._,/yi_,.

By a result of J. Favard [4] there exists a one-to-one correspondence
between polynomials defined either by (1) or by (2) and positive measures
da with [ do =1, provided that the corresponding moment problem has a
unique solution. It has been shown by O. Blumenthal [1] that if the
polynomials p,(x) are orthogonal with respect to do and satisfy (1) with

n—1 1

lim¢,=0 and  lim 2 — =,
n—oo ns Y, 2
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ORTHOGONAL POLYNOMIALS 371

then [—1, 1] < supp(da) and supp(da)\[—1, 1] is a bounded and discrete set
having at most two points of accumulation, namely, —1I and 1.

Because of several physical applications, recently much attention has been
paid to orthogonal polynomials defined by recurrence relations. In particular,
it has been proved in [7, Theorem 7.40] that if

yn—l_L
2 ,)<°°’

XL

N (Ianl+

Aemmd
n=1

then da can be written in the form

da(x)=w(x)dx + N gd(x— 1),

where w is a positive continuous function on (—1, 1) and ¢; & (—1, 1). Since
it is important to know whether da has finitely or infinitely many point
masses, the following recent result of J. Geronimo and K. M. Case {6] is of
great significance.

THEOREM . Let

o0
Non (lan|+

n=1

1
%—71)@0. 3)

Then supp(da) contains at most finitely many points on the complement of
[—1, 1], and « is continuous at +1. Here

a(x) = fo da(1).

o

Geronimo and Case proved their result using a highly sophisticated and
rather complicated argument. The purpose of the present paper is to give two
elementary proofs of Theorem 1. Our first proof uses the chain sequence
method. The second proof is based on some inequalities following from (1)
when applied with x = 1. The feature of the second proof is that it does not
require the introduction of other solutions of (1), which is the essence of both
the Geronimo—-Case and our first proof.

Our first proof is based on chain sequences and their relation to (2). We
write

(yn(x) = An+ l/(x - an—l)(x - an)'

Now let {P'¥(x)}*_, denote the sequence of orthogonal polynomials defined
by (2) after replacing a,_, and 4, by a,,,_; and 4,,,, respectively. A
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necessary and sufficient condition for the true interval of orthogonality of
{PP(x)}2, to be a subset of [—1,0) is a,>—1 for n>k and
{7 (=1, is a chain sequence [2, Theorem 1]. Under these conditions,
supp(da) contains at most k points smaller than —1 |2, Lemma 7].

Similarly, if a, <1 for n2>m and if {7 (1)}°,,,: is a chain sequence,
then supp(da) contains at most m points larger than 1.

Conversely, if supp(da) has only finitely many points outside [—1, 1], then
there is an N such that |a,] <1 for n > N and {7, (1)} .., is a chain
sequence |3, Theorem 1].

Thus, if ja,| < 1 for almost all n, then a necessary and sufficient condition
for supp(da) to contain finitely many points outside [—1, 1] is that
{7 (£ 1)} 5 is a chain sequence for some N.

LEMMA 2. Let 7,= + ¢, where

oQ
3
N onle,l <y
n=1

Then (1) {(¥,}_, is a chain sequence, and
(ii) if {g,}>, is any parameter sequence for {(7,}, then

n>0.

gn<%+2 ‘\_‘, |£n+l"
Proof. Let

0,, Y klgkl

Then 6,=0,0<0,<1 for n> 1, so if we set

_ n+o,
=3y )
then g,=0, 0 < g,< 3 (n>1). Now consider the chain sequence

(n+ly,—0,_(n+o,)
dn(n + 1)

bn:(l—gn—l)gn=%+

Since ¢, =g0,_, + 4n|¢,|, we have

on—l(l - an)

o —n—--. R
by=3+lel+ dn(n+ 1) °
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Thus b, >a,, so by Wall’s “comparison test” [8, p.86], {(Z,} is a chain
sequence. To prove (ii), let

[e0)
hy=3+2 YN legpu 1320,

r=1

Cn(l_hn~l)hn’ nxl.

Then {c,}®, is a chain sequence whose parameters satisfy 3 <A, < I
3<h, <1 (ng1), and

n

= (L=hy) - (1=hy)

n=1

& hy - h

= 0.

If |e,] < %, ¢, > 0 for n> 1, so Wall’s criterion {8, p. 82] shows that {h,}>_,
is the maximal parameter sequence. If |¢,| =4, then ¢, =0, so we apply
Wall’s criterion to {c,,,}n-, and conclude {h,,, } , is its maximal
parameter sequence. Since h,=1, it again follows that {4}, is the
maximal parameter sequence for {c,} . Finally, we observe that

Cp= % - |8n| - (hn—l - %)(hn _%)< % - |8n| <an'

Thus by another result of Wall {8, Theorem 19.6], g, < 4,.
First Proof of Theorem 1. For x= +1, we have

1 '1n+1_(x_an—1)(x_an)/4

a,,(x)——4~= (x—a,_}x—a,)

Thus there exists an M > O such that, for all n sufficiently large,
|an(x) - H < M |'1n+l - %(X =0y l)(x - an)|
<M(|ln+l - %| + %|an + an—l + anan~l|)'

Therefore, Y n|a,(x)— 3| < co, hence for sufficiently large N, |a,| < 1 for
n> N and

By Lemma 2, {a,(x)};.,,, is a chain sequence; hence, there are at most
finitely many points of supp(da) outside [—1,-1]. It now follows |3,
Theorem 1] that for x = +1,

PN+n+ l(x)
(X - aN+n) PN+ n(x) ’

X
WV
=

galx)=1~ (4)



374 CHIHARA AND NEVAI

gives a sequence of parameters for {a,(x)}X_,,,. In terms of the
corresponding orthonormal polynomials p,(x), (4) can be written

2
Pransi®) 0 2
Pﬁ;,,,(x) '_}“N+n+2[1 g,,(x)] (x_aN+") .

Since Ay, p2 = Ay pi 1 (XX — @y o )X —ayy ),

p[2v+n+1(x) — 1 — gn(x) X—Qyyy
pi’«m(x) g)H-l(x) X—0Oyn iy

According to Lemma 2, we have

- g, 14 f0) . 48,0000 — 1]
P I T A C DR Ty S e B

where £, (x) = Y% v 1112, .(X) — §|. Therefore

Prsne1(X) 146, n: 1) = U | Gyinoi = Oyin
=
p[2\1+n(x) 1 +fn+l(x) X—CQyyp_
4 140, v ) — (@ sno s — Ayin)

[T+ fos i) —ay, i)
Because of (3), it now follows that

2
lim inf [M—)— 1] >0.
n—00 P+nlX)

Hence by Raabe’s test Y p2(x) = oo, and this implies a is continuous at x
[5].

Remark. The least value of N> 0 such that a,> —1 for n > N and
{a (—1}}3 ys. is @ chain sequence is an upper bound to the number of
points smaller than —1 in supp(da). A similar remark applies to x = 1.

Turning to our second proof of Theorem 1, we first establish a simple
inequality derived from (1).

LEMMA 3. Assume that the condition (3) is satisfied. Then there exists n,
such that for N > m > n, the inequality

| DDl <3N [ p(1) — P (1)

+ 1P i) 31 +2N

“

[e ]
)
pa—

=m—

J 1

ﬁ}j—‘(l—a,)—2|+ ‘ 1Yzl

j

[

J+1

holds.
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Proof. Let n>m > 0. Then from
pn+l(l) - pn(l) = pm(l) - pm—l(l)

+ N [P = 2p,(0) + p;,(1)]
J,’—'
we obtain

Pii1(1) = P (1) = (k= m + 2)[ pp(1) = ppy_,(1)]
K
+ ; (k—j+ 1)[Pj+1(1)—2Pj(1)+Pj—l(l)]

for kK > m > 0. By the recurrence relation

Vi Vier?
P,~+|(1)=—’y+—'-(1—a,~)P,-(1) L= p (D)

Hence
P (D)= pp_ (1) =(k—m +2)[ p,(1) — p,,_ (1)}

+(k—m+1) (x—y—yy—) (D)

m

}_ 3(k j+ )[”y“( ~a,->—2]

J
+(k=J) (1 -V—V) ( p1),
Yiet
that is,

Pii(D) = pp (1) =k = m + 2)[ pp(1) = ppy1(1)]

£ Y 3(k_j+1)[ljy1(1—-aj)—2}

J=m J

+ =) (1-2522)

J+t

+ [(k— m+ 1) (1 ————y'“;f""“)

[p(1) = pp_ (1))

+ V 3(1( j+1)[}fy“( —a,)—z]

J

+ =) (1 ~ L2l i ] Pmor(1).

j+1
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Consequently, for k > m > 0 the inequality
ipk+1(1) n pm—l(l)l

k+1
<] Pm(l) = P (1))
k 7
Jj=m i
I QY/R= Yy, J|Pf(1)—{’m—1(1)|
Vi+1 J
tlow ) S [[Za-g)-2 |41l ] @
J=m-1 Vj yj+l

holds. By (3) there exists n, such that

) ; ) . 1
< j[ Yixr (1—a,)—2)+ l 1 i2ls ]g—.
i=ng i Yita 2

Let N > m be given and suppose that m > n,. Using (6) we otain

1B = Py
m<k<N k

<';—|P,,,(1)—pm_l(1)|+ max le(l)—'pm_l(l)l

m<j<N J

oC
ij[

J=m+1

yj'+l (1__al)_2 ]_+_ ‘ l—yj’;ZyI

J i+l

|

et (1 _ gy -2 l+ } g L2k

J Vivt

PRI [

J=m-1

|

<%lpm(l) = P (1) +% max (2D = Pr-i(1)

m<j<N J

() N [

J=m-1

}.

Qi (1 —q)~2 ’+|1_3’f_;2&
y

i Viea
Hence for N > m > n,

[Dp(1) = P (1)

(v 4]
XZ[

Jj=m-1

lf*—‘(l—aj)—thrll—M

2
J i+l

]

which implies (5).
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THEOREM 4., Let (3) be satisfied. Then there exist two real numbers A

and B such that |4| +|B| > 0 and

. pu(1)
l =
o nd + B

1.

Proof. We have

iD= 2= S [pess(1) = 226(1) + Do_o(D)] + po(1).

k=0

Thus by the recurrence formula

Pasi(1) = pa(1) = [1;—*#(1 —an)—z]pn(1)+po(1)

n

j=0 Jj J+1

By Lemma 3

. [ 2 (1)]
1 —_— .
<

Hence by (7)
lim [p,. (1) = pa(l)] =4 <0
exists. If 4 = 0 then, since

pl) 1 &

nil s =, )= P

we obtain
lim p,(1)/An=1.
n—0C

If A =0, then

Po(1)+§0 [ e 2]+ (1-221) [ p)=0

VX[t aa -2 (122 | o)

(7

j+1
and by (7)
Prar(1) = po(l) = — (1 ——y—"—:ﬂ)pn(l)
n+1
- ¥ [M(l—a,->~2]+(1—i?ﬁ){p,-(l>.
j=n+1 Vi Yis

640/35/4-6
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Now let ny be defined by Lemma 3 and let #n > n,. Then we get
| Pns i (1) = py(D)]

| 2D+ 31 P, 1(1) — pu(1))

v n
<’1_ n-zc-zy

n+1

o0
x Vg @(1—aj)—2’+‘1—ﬁgz—yf |
j=n+1 ? Vi Vi §
0
LoD N M(l—a,)—Z‘Jr{l—MH
Jon+l f Vit

2000 N ?

2

Yis1 (1—a,)—2 I + ' | — Yer2 ¥k

k=n k Veer |

x (| y; Viia¥;
x ¥ j? f—“(l—a,)—2‘+|1——f;2—f .

i=n+1 J yj+l 5

Let n, > n, be such that

x ) oY 1
S —y“‘(l—a,-)—z’+‘1—y’—zzﬁ l<—.

j=n, 7 yj+l s 6

For n > n, we obtain

| Py (1) — pn(1)]

14 ad Vs
<2 S M(l—ak>—2f+’1—%—2“
3 k=n Vi

k+1

Since two consecutive orthogonal polynomials have no common zero,
p,(1)#0 for n>n,. Hence

%Ow ‘ | — Pnsi(1)
e, pa(1)
4 o e} [e 0]
gl_ Z \ z yk+1(1_ak)_2}+11_yk;2yk g
3 n=n, l:n Vi Vi+1
14 =
<& N n —y"+l(l—a")—2'+‘1——y";2y"|£<oo.
3 n=1 n n+1
Therefore
IQ_OI Puyi(1)

n=n, pn(l)
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converges, which is equivalent to the existence of

lim p,(1)=B,
n—=co

where 0 # B < .
Second Proof of Theorem 1. By Theorem 4

oc

N pi(l)=co.

k=0

Therefore by a classical result from the theory of moment problems [5] a
must be continuous at 1. Now we will show that supp(da) M (1, o0) is finite
which means that a has no more than a finite number of jumps in (1, o). It
follows from Theorem 4 that there exists N such that for every n > N

sign p,(1) = sign p,(1)# 0.

Let Z, denote the number of zeros x,, of p,(x) in (1, ). Since the zeros of
p.(x) separate the zeros of p,,,(x) and the leading coefficient of p,(x) is
positive for every n we obtain

Z,=Z, <N

for n > N. Furthermore, for every x € supp(da) one can choose a sequence
{k,} such that 1 <k,< n and

lim x, ,=x.

n—3

Hence supp(da)M (1, o) contains Z, < N points. Finally, applying what
has just been proved to a*(x) = —a(—x) we get that a is continuous at —1
and it has at most a finite number of jumps in (—oo0, —1).

In Lemma 2 it was shown that a sufficient condition for {a,} to be a chain
sequence is

[4]. The constant } can be improved.
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THEOREM 5. If {a,} is a chain sequence such that a, > % then

Proof. Let a,=(1—m,_,)m, with my=0 and 0 < m, < 1. Since a, > 1§,
0<m,<3for k=1,2,. [8]. We have

n n
2 a,= S m(1—m,_,)
k=1 k=1
= 2 [%+(mk—%)][%_(mk—l_%)]
k=1
= 2 [%+%(mk_mk-l)_(mk_%)(mk—l_%)]'
k=1

Therefore

S (ak_% =m,/2 — S (mk—%(mk—l—%)<mn/2<%'
k=1 k=1

It can easily be seen from the proof that

S Jak_%]:%

k=1

for n=1,2,.. if and only if a, =3 and a, = § for k=2, 3,.... Hence the

constant i cannot be improved. The sequence 1,3,1 1. is not a chain

sequence so the condition in Theorem 5 is not sufficient for {a,} to be a
chain sequence.
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